A sixth-order theory of wave aberrations for axially symmetric systems is developed. Specific formulas for the sixth-order extrinsic and intrinsic wave aberration coefficients are given, as well as relations between pupil and image aberrations. Equations are developed for the wavefront propagation to the sixth order of approximation. The concept of the irradiance function is developed, and the second-order irradiance coefficients are found via conservation of flux at the pupils of the optical system and in terms of pupil aberrations. From purely geometrical considerations a generalized irradiance transport equation that describes irradiance changes in an optical system is derived. Confirming the aberration coefficients with real raytracing data was found to be indispensable.
Introduction
Aberration theory has been a fruitful field for understanding image formation in optical systems and for designing lens combinations. This paper presents a sixth-order theory of wave aberrations for axially symmetric systems. The paper builds the theory by using Shack's [1] formulation of the aberration function in terms of the field and aperture vectors, Schwarzschild's [3] seminal paper, Hopkins' book on Wave Theory of Aberrations [4] , Wynne's [5] paper on "Primary aberrations and conjugate change," and Hoffman's [6] Ph.D. dissertation on "Induced aberrations in optical systems." The original goals of the paper have been to provide monochromatic intrinsic and extrinsic coefficients for spherical surfaces while providing insight into and clarity in what has been traditionally an elaborate and perhaps difficult topic. We have tried to simplify the subject by using a minimum of standard notation in theory of wave aberrations, by the form of presentation, and by discussing the physical meaning of the mathematical expressions involved. The goals of the paper have been extended to discuss wave propagation to the sixth order, pupil and image aberration relationships, aspheric surfaces, and connections to the eikonal function, as well as the littlediscussed topic of irradiance variations, or apodization aberrations.
The approach to the subject is first to review the basics of wave aberration theory. Pupil aberrations are interpreted as beam deformations at either pupil. Consequently, as two systems are concatenated and because of pupil distortion, induced or extrinsic aberrations take place. The wavefront deformation on free-space propagation is determined, as well as the wavefront deformation due to the location of the aperture vector. The intrinsic aberration coefficients are theoretically derived when the stop is located at the center of curvature of a spherical surface. When the stop shifts from the center of curvature, the coefficients are found first with the aid of real ray tracing in a semi-empirical manner. Then they are determined with an alternate mathematical form by developing a theory for stop shifting. Attention is given to verifying the correctness of the aberration coefficients. The theory of sixth-order aberrations, in addition to accounting for intrinsic effects, accounts for the wavefront deformation that takes place due to propagation and coordinate changes. These are the new effects that are not considered in fourth-order theory and that provide understanding into the nature of aberrations.
Overall, this work provides some useful insight for understanding how the geometrical wavefront deforms in propagating through an optical system and contributes to further the theory of imaging aberrations.
Goals of Theory of Wave Aberrations
A main goal of the theory of wave aberrations is to determine analytically the geometrical optical field GðH;ρÞ at the exit pupil of an optical system, assumed here to be rotationally symmetric and specified by GðH;ρÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi I 0 · IðH;ρÞ q · exp −i 2π λ ½n · SðH;ρÞ þ WðH;ρÞ ; ð1Þ
, λ is the wavelength of light, n is the index of refraction of the image space, I 0 is the irradiance atH ¼ 0,ρ ¼ 0, IðH;ρÞ is the dimensionless irradiance function, SðH;ρÞ is the reference sphere function, and WðH;ρÞ is the aberration function. The wave aberration function WðH;ρÞ is positive when the wavefront leads the reference sphere. If the aberration function is zero, then the geometrical optical field GðH;ρÞ represents in phase a spherical wave.
Aberration Function
For an axially symmetric system the aberration function WðH;ρÞ provides the geometrical wavefront deformation at the exit pupil as a function of the normalized fieldH and apertureρ vectors. The field vector is located at the object and defines where a given ray originates. The aperture vector is usually located at the exit pupil plane, but it can also be located at the entrance pupil plane. The aperture vector defines the intersection of a given ray with the pupil plane. Figure 1 shows in image space the Gaussian image of the field vector and the aperture vector at the exit pupil plane. The aberration function, being a scalar, involves dot products of the field and aperture vectors, specificallyH ·H,H ·ρ, andρ ·ρ. These dot products depend only on the magnitude of the vectors and the angle ϕ between them and are used to describe axial symmetry; that is, they are invariant on rotation of the coordinate system.
The aberration function provides the wavefront deformation in terms of optical path as measured along a particular ray and from the reference sphere to the wavefront as shown in Fig. 2 . The reference sphere passes by the on-axis exit pupil point, and it is usually centered at the Gaussian image point. The aberration function is written to sixth order as 
where the subindices j, m, n represent integer numbers, k ¼ 2j þ m, l ¼ 2n þ m, and W k;l;m represent aberration coefficients. This form of the aberration function that uses dot products of the field and aperture vectors is attributed to Shack [1] and is a powerful tool in further development of the theory of wave aberrations. The terms in the aberration function represent aberrations, that is, basic forms in which the wavefront can be deformed. The sum of all aberration terms and orders produces the actual total wavefront deformation. The order of an aberration term is given by 2 · ðj þ m þ nÞ, which is always an even order. In the aberration function the field and aperture vectors are normalized so that when they are unity, the coefficients represent the maximum amplitude of each aberration which is expressed in wavelengths. The subindices k, l, m in each coefficient indicate, respectively, the algebraic power of the field vector, the aperture vector, and the cosine of the angle ϕ between these vectors. Table 1 summarizes the first four orders of aberrations, using both vector and Fig. 1 . A, field and aperture vectors (scaled by the marginal ray height at the exit pupil and the chief ray height at the image plane); B, the angle ϕ between them looking down the optical axis. Fig. 2 . The tip of the aperture vector defines the intersection of a ray with the pupil plane. The wavefront deformation is the distance along the ray from the reference sphere to the wavefront, and it is negative in this figure.
algebraic expressions. The second-order terms are named after Gauss, the fourth-order terms are named Seidel, and the sixth-order terms are named Schwarzschild after their respective seminal papers. The ten sixth-order terms can be divided into two groups. The first group (first six terms) can be considered an improvement on the Seidel terms by their increased field dependence, and the second group (last four terms) represents new wavefront deformation forms. Except for "sixth-order spherical aberration," the last three terms in the new forms do not have a formal, or widely recognized, name. Figure 3 shows the shape (aperture dependence only) of the zero, second, fourth, and the new wavefront shapes of the sixth-order aberrations.
The piston terms represent a uniform phase change over the aperture and therefore do not degrade the image quality. The second-order terms represent departures from Gaussian imaging, and these coefficients are set to zero. We emphasize that in this work it is assumed that there are no secondorder terms in the aberration function. It is a mark of aberration theory that aberration coefficients for the Seidel aberrations, and higher-order, are calculated from paraxial quantities derived from a paraxial marginal and ray chief traces. The fourth-order aberration coefficients are given in Table 2 in terms of the famous Seidel sums S I , S II , S III , S IV , S V . The calculation of the aberration coefficients requires several quantities that are obtained from tracing a paraxial marginal ray and a paraxial chief ray. These quantities are given in Table 3 , where unbarred quantities refer to the marginal ray and barred quantities to the chief ray. The marginal ray height and slope at the surface in question are y and u, and the chief ray height and slope are y and u. The radius of curvature of the surface is r. The symbol Δð Þ stands for the Abbe difference operator, which gives the difference of the quantity inside the parentheses after and before refraction, that is Δðu=nÞ ¼ u 0 =n 0 − u=n. The summation symbols P stand for the sum of the arguments over all the surfaces in the optical system, implying that the aberrations add as expected from knowing that optical paths add. The Seidel sums S I , S II , S III , S IV , S V are not in the same form as Seidel produced them, and the sum S VI for piston has been added for completeness. In addition, we have added to S IV the field curvature terms that result from astigmatism and that often are neglected. Table 2 provides an alternate formula for distortion for the case of having the marginal ray normal to the surface, that is A ¼ 0. The definition for the Lagrange invariant Ψ used in this paper is opposite in algebraic sign with respect to other works on aberration theory.
Pupil Aberrations
When the entrance and exit pupils interchange roles with the object and image, the concept of pupil aberrations arises. The calculation of pupil aberrations is a key in determining how the image aberrations change when the object changes position. An object shift is tantamount to a stop shift in the associated pupil system. From algebraic manipulation Wynne [5] showed that the pupil aberrations are related to the image aberrations by the relationships in Table 4 , where pupil aberration coefficients are barred and image aberration coefficients are unbarred. In this table W 220 is the sagittal pupil field curvature and W 220 is the sagittal image field curvature. In the original work by Wynne the relationship W 220P ¼ W 220P between the pupil and image Petzval field curvature was used, and the relationships were given in terms of Seidel sums. Note that for pupil aberrations the subindices k, l, m in the coefficients W k;l;m indicate the algebraic power of ρ, H and cosðϕÞ, respectively, rather than of H, ρ, and cosðϕÞ as in the image aberration coefficients W k;l;m .
The piston of the image W 400 ðH ·HÞ 2 is the optical path difference between the chief ray and the on-axis ray. The optical path for each of these rays is measured from the entrance pupil on-axis point to a reference sphere centered at the exit pupil on-axis point and that passes by the on-axis image point. The optical path difference is a function of the field of view and is equal to the spherical aberration of the pupil W 040 ðH ·HÞ 2 . This definition for piston of the image is somehow arbitrary and is used given the equality relation between spherical aberration of the pupil and piston of the image.
An alternate way to derive the relationships in Table 4 is to consider Fig. 4 
Quantity Formula
Refraction-invariant marginal ray 
If there are no pupil aberrations, W ¼ 0; then there is no phase difference in imaging the pupil points R and R 0 . In this case Eq. (3) states that the aberration function is simply the difference, W ¼ þn · S − n 0 · S 0 , of the sphere function in object and image spaces; this is consistent with Fig. 4 , as points E and A in the incoming wavefront are in phase, and points E 0 and C 0 in the outgoing wavefront are in phase. If there are pupil aberrations the wavefront for pupil points R and R 0 will have a phase difference that is accounted for by the pupil aberration function in Eq. (3). The fourth-order terms of the reference sphere SðH;ρÞ function give the relationship n 0 · S 0ð4Þ ðH;ρÞ − n · S ð4Þ ðH;ρÞ
where we have omitted terms related to spherical aberration and piston. For reference, Appendix A gives the coefficients of the sphere function difference n 0 · S 0 ðH;ρÞ − n · SðH;ρÞ to sixth order. When Eq. (4) is inserted into Eq. (3) and similar terms are compared, then the fourth-order relationships in Table 4 follow. The exceptions are the piston of the image and spherical aberration of the pupil that are defined to be equal to each other. For the particular case of a unit magnification system n· S ð4Þ ðH;ρÞ ¼ n 0 · S 0ð4Þ ðH;ρÞ, and therefore the image and the pupil aberration functions are equal to the fourth order; that is, 
We point out that a simple way to determine the fourth-order terms of the sphere function SðH;ρÞ is to locate the stop at a spherical surface and set n ¼ 0, n 0 ¼ 1, r ¼ ∞ in the Seidel coefficients of the aberration function. This maneuver gives fourthorder terms in the distance between the reference sphere and the flat surface that coincides with the pupil; this distance is the definition of the reference sphere function.
In a different interpretation Sasian [7] has shown that pupil aberrations provide the mapping error between the entrance and exit pupils. The beam cross section from each field point can be distorted as shown in Fig. 5 . When the aperture vectorρ is set at the entrance pupil, both paraxial and real rays coincide in intersection points at the entrance pupil plane. In the presence of pupil aberrations, a uniform grid at the entrance pupil (Δρ ¼ 0) will appear distorted at the exit pupil by Δρ 0 ,
Conversely, when the aperture vectorρ 0 ¼ρ is set at the exit pupil a uniform grid (Δρ 0 ¼ 0) at the exit pupil will appear distorted at the entrance pupil by Δρ,
Coordinate System Geometry
The choice of coordinate system geometry in the study of sixth-order aberrations is critical, as the aberration coefficients depend on the coordinate system used and on its location. In this paper the field vectorH is located at the object plane and There is no effect from pupil piston.
indicates the field point from where rays emerge. The aperture vectorρ ¼ρ 0 can be placed either at the entrance pupil plane or at the exit pupil plane, and this will be clarified in the context below. Thus in this paper the coordinate systems for the field and aperture vectors are in planar surfaces that are perpendicular to the system optical axis. The aperture vector is common to all field points, and it indicates the intersection point of a given paraxial ray or real ray with the pupil plane. That is, when the aperture vector is at the entrance pupil, both paraxial and real rays are made to coincide in intersection points and a uniform grid at the entrance pupil is distorted at the exit pupil. Conversely, when the aperture vector is located at the exit pupil, both paraxial and real rays are made to coincide in intersection points and a uniform grid at the exit pupil is distorted at the entrance pupil. This grid distortion results from pupil aberrations. The wavefront deformation is determined by a reference sphere. In the treatment of this paper the reference sphere passes by the on-axis pupil point, and the center of the reference sphere is located at the actual intersection of the chief real ray with the Gaussian image plane, and not as is customary at the Gaussian image point.
For the purposes of aberration coefficient verification, setting the aperture vectorρ at the entrance pupil implies making the real rays coincide with paraxial rays at the entrance pupil. This is done by having the aperture stop and entrance pupil coincident. Setting the aperture vectorρ at the exit pupil implies making the real rays coincide with paraxial rays at the exit pupil. This is done by making the stop aperture and the exit pupil coincident and by using ray aiming. This may not be physically possible, as either pupil might be virtual, but it can be done within an optical design program.
There are other choices of coordinate systems as, for example, on the reference sphere at the exit pupil. However, in this paper we have chosen coordinates in planes perpendicular to the optical axis for three reasons. First, coefficients are more easily calculated when the coordinate system is common to all field points. Second, a formal diffraction calculation using angular spectrum theory requires knowledge of the optical field on a plane. Third, the aberration coefficients in this paper describe the actual wavefront fans that lens design programs compute.
Extrinsic Aberrations
It is known that high-order aberration coefficients comprise an intrinsic and an extrinsic part. The extrinsic part contributed by an optical surface arises because there is aberration before that surface. In the absence of aberration before an optical surface then the surface contributes only its intrinsic part. Sometimes the extrinsic contribution is also called induced aberration.
Extrinsic or induced aberrations can be explained as resulting from the exit-entrance pupil distortion. Hoffman [6] developed formulas for extrinsic coefficients, using coordinates on the reference sphere at the exit pupil. The treatment below gives the extrinsic coefficients with the aperture vector at the specified pupil plane (perpendicular to the optical axis).
Consider two systems, A and B, with aberration functions W A ðH;ρÞ and W B ðH;ρÞ. Assume that the aberration functions are with the aperture vector at the entrance pupil of each system. If these two systems are combined to form a third system C, then the total aberration function W C ðH;ρÞ to the sixth order is
where
is the normalized (by the marginal height y 0 pupil ray at the exit pupil) transverse ray error at the exit pupil. In Eq. (8) it is necessary to account for the exit pupil distortion Δρ 0 of the first system A as it is coupled to the entrance pupil of the second system B. This is done by modifying the aperture vector in the second system by the correction term Δρ 0 . To account for fourth-and sixth-order terms we can write 
This approach for obtaining the extrinsic terms relies on recognizing that they result from the exit pupil distortion of system A.
An alternative and perhaps not so intuitive approach is to calculate the extrinsic terms is by locating the aperture vector at the exit pupil of the complete system C. In this case we have the normalized displacement vector Δρ at the entrance pupil of system B to be
The aberration function for the combination of systems A and B into system C to sixth order is The extrinsic sixth-order terms W 6E ðH;ρÞ locating the aperture vector at the entrance or exit pupil of the complete system C are given in Table 5 . The lower index E in the coefficients has been added to indicate that the coefficients are extrinsic. The upper index − or þ has also been added to indicate that the coefficients are with the aperture vector at the entrance pupil (−) or at the exit pupil (þ).
The additional terms ΔW 331E , ΔW 422E , ΔW 420E , and ΔW 511E were found by trial and error and by comparison with the results of computer ray tracing as explained below. The presence of these terms is explained as follows. The actual verification of the coefficients by ray tracing in a lens design program set the reference sphere at the intersection of the chief real ray with the Gaussian image plane and not at the Gaussian image point. Thus in the case of usingρ at the exit pupil and with the presence of distortion in system A, there is a correction term in the field vector used in the function SðH;ρÞ and S 0 ðH;ρÞ. The field vector must be replaced, in object and image spaces, byH þ 1 Ψ W A 311 ðH ·HÞρ to account for the fact that the object point for system B is not at the Gaussian object point defined byH and to account for the fact that the reference sphere is not centered at the Gaussian image point. After substitution of the above shifted vector in the fourth-order terms of the function SðH;ρÞ and with the aperture vector at the exit pupil, then the sixth-order relationships for ΔW 331E , ΔW 422E , ΔW 420E , and ΔW 511E result. The relationships for ΔW 331 , ΔW 422 , ΔW 420 , and ΔW 511 whenρ is located at the entrance pupil were written by interchanging the upper indices A and B and changing the algebraic sign.
The relationship for the sixth-order extrinsic terms W 6E ðH;ρÞ can also be rewritten in terms of gradients, and to sixth order they become, forρ at the entrance pupil,
and, forρ at the exit pupil,
In a different interpretation Eqs. (15) and (16) represent a sixth-order correction in optical path difference due to the real ray displacements from the paraxial rays. That is, induced aberrations are also seen as a correction in optical path due to mismatched coordinates at the pupils.
Wavefront Propagation
In this section we derive relationships for the wavefront change on propagation in free space. Consider the eikonal EðX 0 ; Y 0 ; Z 0 Þ function that gives the optical path length from a given field point to a given 
g Added terms when the center of the reference sphere is located at the intersection of the chief ray with the Gaussian image plane
of an optical system; here we use transverse coordinates rather that angular coordinates to define the eikonal. The eikonal function satisfies the equation [3] 
where n is the index of refraction of the corresponding space. Let the eikonal of a system that produces a perfect point image be S g ðX 0 ; Y 0 ; Z 0 Þ and the coordinates of the Gaussian image point be
g , using the properties of the eikonal we have
where R is the radius of curvature of the reference sphere centered at the Gaussian image point 
By inserting Eq. (19) into Eq. (17) we obtain
If we locate the point
g at infinity, then ∇S g ðX 0 ; Y 0 ; Z 0 Þ vanishes given that R becomes infinite, and we have
Eq. (21) can be modified to
where ΔZ 0 is the distance along the Z 0 axis that the wavefront has propagated and Δ Z 0 WðX 0 ; Y 0 Þ is the change in wavefront deformation. Equation (23) relates the change of wavefront as it propagates to the two-dimensional gradient of the wavefront and is valid for small propagation distances ΔZ 0 or for beams with no second-order terms, as we have located the points
g at infinity. However, we are concerned with the wavefront change over long propagation distances and for beams that are converging or diverging.
Let us consider an optical system where a wavefront ensemble is propagating from an initial plane PP to the exit pupil. The chief ray height and marginal ray height at the initial plane are y and y, respectively. Using the normalized fieldH and apertureρ vectors, By making the key substitution of replacing ∇WðX 0 ; Y 0 Þ · ∇WðX 0 ; Y 0 Þ with ð1=yy pupil Þ∇ ρ WðH;ρÞ · ∇ ρ WðH;ρÞ so as to change to normalized coordinates and so that the wavefront change on propagation is symmetrical when it propagates forward or backwards, we obtain
We can relate the propagation distance ΔZ 0 to the marginal and chief ray heights at the initial plane as
and without accounting for the piston term n · ΔZ 0 , or limiting ΔZ 0 to small propagation distances, we obtain
This is a useful propagation equation and provides to the sixth order of approximation the wavefront deformation change when a wavefront propagates from an initial plane to a final plane, here the exit pupil plane, where y pupil ¼ 0, the propagation distance being ΔZ 0 ¼ − y · u 0−1 . Effectively we have converted Eq. (23) that uses absolute coordinates to Eq. (26) that uses normalized coordinates. In doing this conversion we have removed the limitation of small propagation distances via the factor 1=yy pupil .
For the case of a wavefront described by WðH;ρÞ ¼ ½ðn · y 2 Þ=ðn · y 2 Þðρ ·ρÞ and propagating a distance ΔZ 0 ¼ R 1 − R 2 , we have that Eq. (24) predicts the wavefront change to be
ðρ ·ρÞ
in agreement with our understanding of secondorder wave propagation. In Eq. (27) Equation (26) is significant in that it shows to sixth order how a wavefront ensemble, i.e., the plurality of wavefronts traveling from an extended source, changes as it propagates in free space the distance ΔZ 0 , which is not limited to be small. This equation provides the geometrical wavefront change, and it does not account for diffraction effects. We assume that the beams are unclipped by an aperture before they reach the exit pupil that coincides with the stop aperture. The terms that result from Eq. (26) are highlighted in Table 6 .
Wavefront Change with Aperture Vector Location
In this section we show how the aberration coefficients change when the aperture vector is changed from the entrance pupil to the exit pupil. Let us consider the geometry in Fig. 6 , which shows the principal planes, the pupil planes, propagating rays, and the object and image planes of an optical system. Generally at the rear principal plane the intersection point of a ray may not coincide with the corresponding intersection at the front principal plane. That is, due to aberration in the system there is coordinate distortion between the principal planes. The difference in intersection points is given by the displacement vector ΔΩ, which is normalized by the marginal ray height y PP at the principal plane. We are interested in describing the wavefront deformation with the aperture vector at the exit pupil. This requires real rays to pass by the object point and to coincide with paraxial rays at the exit pupil. As shown in Fig. 6 requiring real rays to coincide with paraxial rays at the exit pupil changes their intersection point at the exit pupil by −y 0 pupil · Δρ 0 , at the rear principal plane by y PP · Δρ, and at the entrance pupil by y pupil · Δρ.
The wavefront change W þ ðH;ρÞ − W − ðH;ρÞ when the aperture vector is changed from the entrance to the exit pupil is found by replacingρ byρ þ Δρ in the fourth-order terms of the aberration function and retaining the resulting sixth-order terms. Using the gradient operator, this is W þ ðH;ρÞ − W − ðH;ρÞ ¼ ∇ ρ fWðH;ρÞ
where we have subtracted distortion W 311 ðH ·HÞðH · ρÞ as the reference sphere is centered at the actual intersection of the chief ray with the Gaussian image plane. The aperture vector is at the initial propagation plane. The sixth-order terms involved in − 1 Ψ ∇ ρ WðH;ρÞ · ∇ H WðH;ρÞ are highlighted in Table 7 as they give the wavefront difference between having the aperture vector at the entrance and exit pupils for the case of centering the reference at the Gaussian image point.
Displacement Vector ΔΩ and Image and Pupil Aberration Functions
In this section we relate the displacement vector ΔΩ at the principal plane to the gradients of the image and pupil aberration functions. From Fig. 6 we can establish the equality
where l is the distance from the rear principal plane to the image plane and ΔH 0 is the normalized (by the image height y image ) transverse ray intercept error at the image plane, given by
Then the displacement vector ΔΩ that gives the ray mapping error between the principal planes is
To illustrate these results, consider the following example. Algebraic manipulation of the aberration coefficients for a single spherical surface permits writing the relationships in In this section we summarize the previous results. As a geometrical wavefront propagates in free space the Gaussian properties and the fourth-order wavefront aberration coefficients remain the same. However, sixth-order properties change. To sixth order the wavefront change Δ Z 0 WðH;ρÞ on free-space propagation is given by
where the propagation distance is ΔZ 0 ¼ y · u 0−1 . The positive sign is for having the aperture vector at the initial plane, and the negative sign is for having the aperture vector at the destination plane.
The sixth-order wavefront change Δ Z 0 WðH;ρÞ on coordinate distortion is
where Δε is the coordinate distortion and WðH;ρÞ is the wavefront deformation at the plane of the distortion. The change of wavefront on changing the aperture vector from the entrance to the exit pupil and having the reference sphere centered at the Gaussian image points is
Extrinsic aberrations as a result of combining two optical systems A and B and having the reference sphere centered at the Gaussian image point are, forρ at the entrance pupil, 
The reference sphere is centered at the Gaussian image point. Intrinsic aberrations are the aberrations that an optical surface contributes when the incoming light beam has no aberrations. That is, we assume that the object for that optical surface lies on a flat surface and that the individual wavefronts arriving at the surface are spherical. In this section we provide the intrinsic aberration coefficients for spherical surfaces. The derivation is based on theory for contributions at a stop at the center of curvature. Stop shifting proved to be difficult to unveil, and so the contributions on stop shifting were found with the aid of a computer. However, Appendices B and C show, on a theoretical basis, the process of stop shifting for both an aspheric surface and a spherical surface. We have chosen the present order of providing the results because it is the manner in which they were obtained.
A. Sixth-Order Spherical Aberration W 060
The intrinsic sixth-order wave aberration coefficient for spherical aberration from a spherical surface with the stop at the surface has been given by Sasian [8] and is
where the term 1 2 ðy=rÞu has been added to account for the difference in intercepts between the marginal paraxial ray and the real ray intersection at the surface required in the original formula; r is the radius of curvature of the surface. For completeness, Appendix D provides a derivation of coefficients used in this section. Equation (37) is with the aperture stop at the surface and with the aperture vector at the entrance pupil. Unless specified aberration coefficients with the aperture vector at the entrance pupil are marked with a − upper index as W − , and aberration coefficients with the aperture vector at the exit pupil
and the total intrinsic coefficient is
where the lower index I has been added to indicate that the coefficient is intrinsic. If the wavefront propagates in reverse from the exit pupil to the entrance pupil, we have that this is equivalent to having the aperture vector at the exit pupil. Therefore the sixthorder coefficient for spherical aberration with the aperture vector at the exit pupil is
where the difference between W − 060I and W þ 060I is the use of the marginal ray slope u 0 in image space rather than slope u in object space and the change of sign in the transfer term. Furthermore, since
then we can also write 
060I
. One form uses a change of the ray slopes and a sign change in the transfer term; the other form adds a term that involves products of fourth-order aberrations. This latter term is reminiscent of induced aberrations, and it accounts for the change of coordinates or placement of the aperture vector as discussed in the previous section.
B. Oblique Spherical Aberration
where the term
is the Petzval field curvature. For sixth-order field curvature W 420 we have
For the case of For off-axis field points the reference sphere is tilted with respect to the exit pupil. This creates a distortion of coordinates that in the presence of spherical aberration and field curvature gives origin to sixthorder terms. Effectively, coordinate distortion induces sixth-order terms as part of the intrinsic terms. These terms are simple products of fourth-order coefficients and the paraxial ray slopes. Specifically, they are We have that the aberration function to sixth order when the aperture stop is located at the surface center of curvature is
where we have not accounted for piston terms and have located the aperture vector at the exit pupil. Stop shifting refers to the process of changing the location of the aperture stop while maintaining the same Lagrange invariant. This requires the change of the aperture stop size to maintain the same working f-number. As the stop shifts, different portions of the light beams are selected to pass through the stop, and thus the aberrations change. In fourth-order theory a stop shift is performed by substitution of the aperture vectorρ for the shifted vectorρ shift ,
into the fourth-order terms of the aberration function and carrying out the expansion of terms. The quantities y OP and y OP are the marginal ray and chief heights at the old stop position, which is at the center of curvature. In sixth-order theory it is also necessary to account for the fact that as the stop is shifted the wavefront propagates and deforms as specified by Eq. (26). In addition, as the reference sphere also shifts position, there is a coordinate distortion to account for and also for the change of the center of the reference sphere as the real ray intersection changes from the Gaussian image point. In accounting for all of these effects it is helpful to have a common exit pupil for all field points and to place the aperture vector at the exit pupil so that no other coordinate distortion effects take place. The coordinate distortion effects are subtle, and formula checking with actual ray tracing as explained below is indispensable. For oblique spherical aberration W 240 we have 
For sixth-order astigmatism W 422 we have
For sixth-order field curvature W 420 we have
For sixth-order distortion W 511 we have
For sixth-order W 151 we have
For sixth-order W 242 we have
For sixth-order W 333 we have
and sixth-order piston W 600 may be set equal to the sixth-order spherical aberration of the pupil; this is Table 9 summarizes the quantities used for the calculation of the intrinsic coefficients with the aperture vector at the exit pupil. Table 10 summarizes the intrinsic coefficients of a spherical surface with the aperture vector at the exit pupil. Table 11 presents the relationships between the sixth-order intrinsic aberrations coefficients W − and W þ with the aperture vector at the entrance pupil and at the exit pupil. These were found by using real ray tracing to numerically find the magnitude of the coefficients and by the suggested analogy with the formula development in this paper. 
Relationships between Coefficients
We mention that the case of piston W
was not verified by real ray tracing. By performing reverse propagation for a spherical surface (actually done by reversing the surface, the stop, the image, and object planes, and by standard forward ray tracing) we found that 
The term W þreverse I ðH;ρÞ is the wavefront aberration on reverse ray tracing through the surface and placing the aperture vector at the exit pupil (entrance pupil of the unreversed system). The terms in ΔΠðH;ρÞ result from placing the reference sphere center at the actual intersection of the chief ray with the Gaussian image plane as discussed in the extrinsic aberrations section. Thus Eq. (69) 
account for the effect of changing the center of the reference sphere from the Gaussian image point to the intersection of the chief ray with the Gaussian image plane.
Image and Pupil Coefficient Relationships
To determine the pupil aberration coefficients, data for the chief ray are interchanged with data for the Table 10 . Intrinsic Aberration Coefficients with the Aperture Vectorρ at the Exit Pupil
The reference sphere is at the intersection of the chief ray with the Gaussian image plane.
marginal ray, and then the image coefficients provide the pupil coefficients. Alternatively, the fourth-order pupil treatment suggests that the sixth-order image and pupil aberrations can be related. where O ð6Þ represents sixth-order terms to be determined. Table 12 provides the relationships between sixthorder pupil and image coefficients. These were found in analogy with the formula development of this paper and by using real ray tracing to numerically find the magnitude of the coefficients as explained below. The image aberration coefficients depend on the ratio A=A, and when the marginal ray is, or is nearly, normal to the spherical surface, A ≅ 0, there can be a singularity in the coefficients
. It is through the use of the imagepupil relationships that the singularity of computing the coefficients can be avoided.
Note that two forms for W þ 331I are given. The form at the bottom of the Table 12 was first obtained from guessing the coefficients with the aid of computer ray tracing. The second form was derived by similarity with the other equations. Both forms match to at least eight decimal places in a computer simulation for several stop and object locations. 
The reference sphere is centered at the intersection of the chief ray with the Gaussian image plane. 
The reference sphere is centered at the intersection of the chief ray with the Gaussian image plane.
Eikonal Function
By noting that except for a piston term and the algebraic sign the function S g ðH;ρÞ and the reference sphere function S 0 ðH;ρÞ are equal, and using Eq. (19), we can express the eikonal function for a spherical surface with the aperture vector at the exit pupil plane. In this treatment the eikonal function gives the optical path from the object point to the exit pupil plane:
EðH;ρÞ ¼ −n 0 · S 0 ðH;ρÞ − WðH;ρÞ;
where the zero-order and second-order terms are not accounted for.
The zero-order term of the eikonal is
which represents the on-axis optical path from the object to the exit pupil.
The second-order terms of the eikonal are
The fourth-order terms of the eikonal are Knowledge of the intrinsic and extrinsic coefficients permits us to write the aberration coefficients for a system of j surfaces. These coefficients comprise the sum of all the intrinsic coefficients and the sum of all the extrinsic coefficients as define in Table 5 . The coefficients are given in Table 13 for the case of having the aperture vector at the exit pupil. The sums are over the j surfaces as indicated by the summation indices. The right upper indices, i and m, added to the coefficients are to indicate that the coefficient pertains to surface i or m. For i ¼ 1 the sums in the curly brackets are defined to be equal to zero.
Irradiance Function
In this section we determine the irradiance function IðH;ρÞ that gives the beam relative irradiance across the exit pupil for each field point. Since the optical system has axial symmetry and in analogy with the aberration function the irradiance function can also be expressed as a polynomial, and to sixth order it is
IðH;ρÞ ¼ X 
The terms in the irradiance function represent variations, or apodization aberrations, in the irradiance of the optical beams at the exit pupil. These variations are also arranged according to the algebraic order of the terms. We wish to determine the irradiance function coefficients I k;l:m . For this we will locate the aperture vector at the exit pupil. Given that the optical power through the system must be conserved, we must conserve the flux and satisfy
where IðH;ρÞ is the irradiance function at the entrance pupil plane of the system, I 0 ðH;ρÞ is the irradiance function at the exit pupil plane, d
2 S is the element of area at the entrance pupil, d 2 S 0 is the element of area at the exit pupil, and JðH;ρÞ is the Jacobian determinant.
Because of the presence of pupil aberrations Eq. (82) determines the irradiance function IðH;ρ þ ΔρÞ at pointρ þ Δρ of the entrance pupil. The Jacobian determinant provides the relationship between the area elements at the pupil planes, and to conserve the flux within Gaussian optics we have I 0 · y
Letg be a unit vector in the direction ofρ,h be a unit vector in the direction ofH, andĩ be a unit vector perpendicular toh. The displacement vector Δρ ¼ Δρ g þ Δρ h has two components, one in the directioñ ρ and the other in the direction ofh. To obtain the Jacobian determinant we express the displacement vector Δρ in orthogonal coordinates alongh and
giving the position of a giving ray at the entrance pupil, we have that the Jacobian determinant is JðH;ρÞ ¼ y
Since ρ h ¼ρ ·h ¼ ρ · cosðϕÞ and ρ i ¼ρ ·ĩ ¼ ρ · sinðϕÞ, we can write for the partial derivatives
and the Jacobian determinant simplifies to
where ∇ ρ Δρ stands for the divergence of Δρ. Equation (90) relates the irradiance at the exit pupil to the irradiance at the entrance pupil through the entrance pupil displacement vector Δρ. It is valid to the fourth order of approximation in the field and aperture variables, as the error in Eq. (89) is of sixth order.
Furthermore, since the displacement vector Δρ is given to third-order by where we have neglected terms higher than fourth order and where ∇ ρ ∇ H WðH;ρÞ stands for the divergence with respect to ρ of the gradient with respect to H of the pupil aberration function WðH;ρÞ. Equation (92) requires the irradiance IðH;ρÞ at the entrance pupil and the pupil aberration function WðH;ρÞ. This equation permits finding terms of the irradiance function I 0 ðH;ρÞ at the exit pupil. The equation is valid to the second order of approximation in the field and aperture variables. However, if there are no sixth-order pupil aberrations, or if the displacement vector Δρ is made to account for up to fifth-order transverse ray errors at the entrance pupil, then Eq. (92) would be valid to the fourth-order of approximation.
The calculation of the divergence and gradient turns out to be simplified. Thompson [2] has shown that the gradient operator is simply given by the derivative of the function with respect to the designated vector; for example, Table 13 . Sixth-Order Aberration Coefficients for a System of j Surfaces
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In this process we are taking the derivative with respect to a vector. This gives a vector in the case of a scalar (build up from vectors), and a scalar in the case of a vector. The zero-order terms for both irradiance functions at the entrance and exit pupils are equal to one. With no second-order terms in the aberration function, the terms ∇ ρ IðH;ρÞ∇ H WðH;ρÞ result in other terms that are at least of fourth order. The zero-and secondorder terms of the irradiance function in terms of pupil aberrations are given in Table 14 .
The second-order term I 
Irradiance Transport Equation
In this section we show that Eq. (92) can be rewritten as an irradiance transport equation. In free space we have ΔΩ ¼ 0, and the relationship between the gradient of the aberration function and the gradient of the pupil aberration function is (98) is a generalized irradiance transport equation that is not limited to small propagation distances. It is written in terms of normalized field and aperture vectors and not in terms of absolute coordinates. The product of the marginal ray height at the principal plane and at the exit pupil accounts for the change of absolute to normalized coordinates. Equations (92) and (98) assume that no second-order terms are present in the aberration function, as their effect on the irradiance is already accounted for by
pupil . The use of normalized coordinates permits Eq. (98) to work for large propagation distances; however, this equation is not valid for calculating irradiance changes near or at a ray caustic. The wavefronts are assumed to be smooth as described by the aberration function and unclipped by an aperture so that edge diffraction or multiple beam interference does not take place. The irradiance equations and the propagation equations discussed above describe the geometric wavefront and irradiance changes when an ensemble of wavefronts travels some distance. Effectively, we are propagating the wavefront to sixth order and the irradiance to fourth order in the field and aperture variables (here we assume that Δρ accounts for up to fifthorder transverse ray errors).
For the case of having uniform irradiance at the initial plane IðH;ρÞ ¼ 1 we have that ∇ ρ IðH;ρÞ ¼ 0, and in the presence of spherical aberration W 040 ðρ ·ρÞ 2 we have that Eq. (98) reduces to
With positive spherical aberration the wavefront leads the reference sphere in propagating from left to right a distance ΔZ. Then the irradiance increases on propagation, and the algebraic sign in Eq. (99) 
in agreement with Table 14 . The positive spherical aberration leads to barrel distortion of the exit pupil. The ratio d 2 S 0 =d 2 S of the elements of the area decreases and the irradiance at the exit pupil increases to conserve the flux. The difference in algebraic sign between Eq. (99) and irradiance transport equation (100) is due to the difference in sign between the wave aberration function WðH;ρÞ and the phase function ΦðX; YÞ used in describing the optical field.
Coefficient Verification
To find the algebraic form of the aberration coefficients it was indispensable to know their magnitude. A computer program was written to numerically determine the coefficients by making an iterative fit to a selected set of optical path difference points across the aperture and field of view of an optical system. For example, for spherical aberration the following iterative loop was executed:
NEXT
The quantity OPD ¼ OPDðρÞ is the optical path difference at the specified pupil height and with the reference sphere centered at the intersection of the actual chief ray with the Gaussian image plane. After a few iterations of this loop the coefficients converged to the theoretical values with insignificant error for W 020 , W 040 , and W 060 . Similar loops were written to find the remaining aberration coefficients. Tests were done to check the coefficient scalability with respect to field and aperture. Coincidence of the four-order terms with the Seidel coefficients also helped to verify the coefficients obtained by the fit. For the case of distortion the magnitude of the coefficients W 311 and W 511 was found by making an iterative fit to the transverse error y image · ΔH 0 of the chief ray and using ΔH 0 ¼ −Ψ −1 · ∇ ρ ðW 311 ðH ·HÞðH ·ρÞ þW 511 ðH ·HÞ 2 ðH ·ρÞ þW 711 ðH ·HÞ 3 ðH ·ρÞ þ …Þ. This iterative fit methodology proved to be effective, and the success is due in part to the fact that it was applied to find aberration coefficients of a single surface or of systems with few spherical surfaces. As the number of surfaces increased, the ability of the iterative algorithm to find the correct coefficients significantly decreased.
With the ability to find the magnitude of the coefficients, simple algebraic terms were written to guess some missing terms in the aberration coefficient formulas resulting from shifting the pupil from the center of curvature. Tests of the terms were done with
and Δðu=nÞ ¼ 0. Several conjugate distances and stop positions were also tested for a single surface and for a system of several surfaces. Unless the correct formula was obtained there would not be agreement with the coefficients found with the above iterative loop. With the correct formulas there was an obvious agreement of the coefficients. Table 12 gives the pupil aberration coefficients by using the image aberration coefficients, terms of the sphere function, and products of the fourth-order coefficients. The pupil aberration coefficients can also be found by swapping the chief and marginal ray data in the image aberration coefficients and in the Lagrange invariant. When this is done, the pupil aberration coefficients computed in both manners match. This represents a self-consistent verification. Table 15 presents a comparison of coefficients calculated both ways, where some the differences are in the 15th decimal place and are likely due to the computational approach used. The essentially equality of the coefficients supports the correctness of the aberration coefficients.
Self-Consistent Verification

Aspheric Triplet Lens Example
In this section we provide an example triplet lens that is corrected for all fourth-order and sixth-order aberrations to the 10 −14 level or better. Four surfaces are aspheric with fourth and sixth-order coefficients of deformation. The contributions from an aspheric surface to the aberration coefficients are derived and given in Appendix B. The design is shown in Fig. 7 , and it evolved from a design from Shafer [9] . We reoptimized the lens to reduce the wave aberration residuals from the 10 −6 level to the 10 −14 level to critically test the coefficients in this paper. The specifications of the reoptimized triplet are given in Appendix E.
The final values of the wave aberration coefficients are shown in Table 16 . For comparison, the fifthorder coefficients from Rimmer's thesis [10] were computed and are also given in Table 16 . These two sets of coefficients are nearly zero to the 10 −14 level or better. Thus, for this triplet lens and in the absence of fourth-order aberrations there is agreement, in that there is no aberration, between the sixth-order theory in this paper and the fifth-order theory of Buchdahl [11] . We point out that Buchdahl's theory provides the fifth-order transverse ray aberration coefficients with the aperture vector at the entrance pupil. Relationships between the Buchdahl coefficients and the wave coefficients in this paper can be established by first describing the Buchdahl coefficients with the aperture vector at the exit pupil. Then the normalized (by the image height) transverse ray aberrations to fifth order are given by The relationships between the fifth-order transverse ray coefficients of Buchdahl and the sixth-order wave coefficients in this paper will be the subject of future work. We point out that in the absence of fourth-order aberrations the Buchdahl coefficients are given by the gradient of the aberration function (sixth-order terms) divided by n 0 u 0 .
Summary
This paper develops a sixth-order theory of wave aberrations for axially symmetric systems. Specific formulas for the sixth-order extrinsic and intrinsic wave aberration coefficients are given, as well as relations between pupil and image aberrations. The paper develops equations for the wavefront propagation to sixth-order of approximation; the equation for free-space propagation in terms of normalized quantities is novel and is not limited to small propagation distances. The concept of the irradiance function is developed, and the second-order irradiance coefficients are found via conservation of flux at the pupils of the optical system and in terms of pupil aberrations. As a result we derived, from purely geometrical considerations, a generalized irradiance transport equation that describes irradiance changes in an optical system. We effectively have provided a solution to the irradiance transport problem in terms of the aberrations of an optical system. Both the wavefront propagation and the irradiance transport equation account for geometric effects and do not consider edge diffraction effects, and unclipped and unfolded beams are assumed. We found it indispensable to verify the formulas for the aberration coefficients with the results from real ray tracing.
The aberration coefficients provided are with the center of the reference sphere at the intersection of the real chief ray with the Gaussian image plane; they describe to sixth order the actual wavefronts computed by optical design software. However, we have indicated the terms that correspond to the case of having the center of the reference sphere at the Gaussian image point. In this latter case the connections between coefficients acquire an elegant mathematical form. We also have shown in terms of the sphere function, the aberration function, and the pupil function the relationship with the eikonal function and have provided specific formulas for the eikonal's expansion coefficients.
Further work could be done to obtain the fourthorder coefficients of the irradiance function and to provide formulas to convert the aberration coefficients to other coordinate systems of interest. However, modern optical design relies significantly on real ray tracing and on the insights of aberration theory. This paper gives insight into aberration generation and light propagation in an optical system because it makes visible the underlying structure of how the wavefront deforms as it propagates in an optical system and provides specific formulae. Overall, the paper furthers and enhances the theory of wave aberrations.
Appendix A: Sphere Function Coefficients
The coefficients for the sphere function are given in Table 17 .
Appendix B: Aspheric Contributions
In this appendix we provide the change of wavefront deformation when the surface is aspheric. The difference in sag, ΔfSagg, between the sphere of vertex radius r and the aspheric surface is the aspheric cap,
where A 4 is the fourth-order coefficient of deformation and A 6 is the sixth-order coefficient of deformation. The fourth-order contributions to the wavefront deformation are given in Table 18 . We wish to determine the sixth-order contributions from the aspheric cap that are contributed by the fourth-order coefficient A 4 . When the stop is at the surface, the sixthorder contributions are simple enough to derive with reasoning and the aid of real ray-tracing data and are given in Table 19 . To obtain the coefficients when the stop is shifted from the surface does requires elaborating the theory of stop shifting. Now we wish to determine the change of sixthorder aberrations on stop shifting. By construction, the exit pupil coincides with the stop aperture. We start with the aperture stop located at the aspheric cap, and so the aberration function is given by 
These terms are not included in Table 20 and should be added as intrinsic contributions from the aspheric surface. The contributions to the coefficients from the sixth-order coefficient of deformation A 6 are given in Table 21 ; in this case there are no extrinsic contributions to the sixth-order level. 
The stop is located at the cap, and the aperture vector is located at the exit pupil.
Following the reasoning of Appendix B, the change of aberration function on stop shifting with the stop at the center of curvature is must also be added to account for the change of center of the reference sphere. With the definitions in Table 22 the intrinsic coefficients on stop shifting are given in Table 23 . The set of aberration coefficients in Tables 10 and 23 Table 22 differ from the corresponding ones in Table 9 .
Appendix D: Derivation of Aberration Coefficients
In this Appendix we derive the aberration coefficients for spherical aberration, oblique spherical aberration, and field curvature. With reference to Fig. 8 , we have a spherical surface of radius of curvature r, a ray intersecting the surface at point P, intersecting the reference sphere at B 0 , intersecting the wavefront in object space at B and in image space at A 0 , and passing in image space by the point Q ″ on the optical axis. The reference sphere in object space is centered at Q and in image 
The aperture vector is located at the exit pupil. The reference sphere is centered at the intersection of the chief ray with the Gaussian image plane. 
space is centered at Q 0 . After refraction the wavefront deformation is given by
where ½PB 0 ¼ ½OQ 0 − ½PQ 0 and ½PB ¼ ½OQ − ½PQ. Since we are not using the actual point Q ″ , the expression for ½PB 0 is not exact, and it leads to a tenth-order error in calculating W. Let the radius of the reference sphere in object and image space be ½OQ ¼ s and ½OQ 0 ¼ s 0 , respectively, and the sag Z of the spherical surface to sixth-order be
where h is the height of the ray intersection with the spherical surface. The square of segment ½PQ is given to sixth order by 
To third-order of approximation the ray intersection height h and the paraxial marginal ray height y are related by
and so the segment ½PB can be approximated to sixth order as 
With Let us locate the aperture stop at the center of curvature of the spherical surface. With y 0 being the object height, the inverse of the distance S along the chief ray from the off-axis object point to the surface is The exit pupil diameter is 14 mm, and the field angle is 15°; λ ¼ 587:6 nm.
By inserting Eqs. (D12) and (D13) into the quadratic term y 2 of Eq. (D8), using ΔfAg ¼ 0, and retaining up to sixth-order terms, we obtain
By inserting Eqs. (D12) and (D13) into the first quartic term y 4 of Eq. (D8), using ΔfAg ¼ 0, and retaining up to sixth-order terms, we obtain
By inserting Eqs. (D12) and (D13) into the second quartic term y 4 of Eq. (D8), using ΔfAg ¼ 0, and retaining up to sixth-order terms, we obtain
